Introduction.
We consider below the Cauchy problem for systems of homogeneous linear partial differential equations iDE's) with constant coefficients. That is, we ask for solutions of Our main result is an existence theorem for the Cauchy problem in infinite space, for any system (1) which is regular in the following sense [l] . For each real wave-vector q, we let Xi(q), • • • , X"(q) denote the characteristic values of the q-matrix ||/>/*(ig)||, i-( -1)1/2. We define the spectral norm of (1) as (2) c
[P] = sup Re {Xy(g)} = sup <r[P(g)],
and call the system (1) regular when a [P] < + oo . In this existence theorem, the solutions are defined as the semiorbits, for *>0, of a Co-semigroup acting on an appropriate Banach space. Thus, in particular, we solve a family of "abstract Cauchy problems" ([5; 6] ), each corresponding in some sense to the system (1). Further, it is shown that the Co-semigroup can be so constructed that all semi-orbits represent literal solutions of (1). Finally, in the "hyperbolic" case, a Co-group can be constructed. Though similar methods have been used by Gelfand and Silov ([3; 4] ), the representation in terms of Co-semigroups is new. The specific results of Hille [5] are for quite special DE's. Related results have also been obtained by L. Schwartz [7] and, using other methods, by L. Carding (Acta Math. vol. 85 (1951) pp. 1-62) and A. Lax pp. 135-70).
2. The Frechet spaced. For any fixed wave-vectorq = iqi, • • • ,qr), any system (1) has solutions of the special form (3) uj(x; t) = fj(q; t)e''i-*, qx = 51X1 + • • • + qrxr.
Namely, it is sufficient that f(q; t) satisfy
which may be regarded as a system of ordinary DE's because q is fixed.
Now let <£ denote the vector space of all Borel functions <j> = <j>(g), two such functions being identified when they differ on a set of measure zero. If we write formally
This is a symbolic solution of (1) in the Fourier transform space <£ dual to the space of v(x). Further, we can define $ as a Frechet space,2 or topological linear space, by making (6) <j>» -><{> mean <j>n(qr) -*<J>(q) a.e.
However, this formal solution is unsatisfactory, as a consideration of the case ut= +uxx shows.
3. Norms on $. Various norms can be defined on <S>, as follows. Let C-C(q) be any Borel function8 from the space Q of real r-vectors q, to the space of nXn nonsingular complex matrices C. We define (7) N*(q; *) = foC, *C) = 4>C(q)C'*(qW* as a complex inner product, and correspondingly
Since C is nonsingular, N(q; «J>)=0 if and only if <f> = 0 in $ (i.e., <p,{q)=0 a.e.).
For any such C(q), the "norm" N(q, 4?) is a non-negative realvalued Borel function on EnXQ which, for each real r-vector q, makes the space of complex n-vectors $ into a unitary space En(N, q). [February Lemma 1. For any <j>£4>, the integral (8) tffo) = f' Niq;ifiq))dQ is defined, as a non-negative real number or + oo.
Proof. First, Niq; *>(<?)) ls a Borel function for all §(z$. Since Niq; <i>)=;0, the conclusion follows immediately.
In this proof, it is essential that the functions involved be Borel functions, and not merely measurable. Then the semigroup {Tt} on BiN), defined by (5) and (8) for t>0, is a Co-semigroup.
Proof. Because of the continuous dependence of Ttiq) on 3> Tt[<&] is always a Borel function; hence {Tt} is always a semigroup on $. If, for fixed t, the Ttiq) have norms bounded by Kit) < + °°t hen, substituting (8) into (5), we get 4. Regular case. We now assume that the system (1) is regular in the sense of (2) , that a[P] < + oo. In this case, for each qE:Q, we can choose C(q) so that, under the norm (7'), the modulus of {Tt(q)} exceeds e°int by arbitrarily little.
Lemma 3. Given q(EQ and 77>0, we can so choose C(q) that, on En(N; q),
Proof. A slight modification of standard7 arguments shows that there always exists a matrix C(q; 77) for P(iq), such that (11) C-ip(iq)C = J(q;v)
has entries Xy(g) on the main diagonal, zeros and 17's just above this diagonal, and all other entries zero. For any such C(q; rj), the modulus ||^<(<?)|U of Tt(q) for the norm (7') is that of eJt operating on the 
Corollary.
Let q0<E:Q be given, and let o>o-(P[qo\). Then C=C (q0) exists such that, throughout some neighborhood R(qo) of q0, (12) \\Tt(q)\\sr ^ e"1 for all I > 0.
This follows from Lemma 3, because of the continuity of the modulus of ||7\(q?)||.yi as a function of q, for any fixed Co = C(qfo).
5. Abstract Cauchy problem. The preceding results lead directly to a solution of the abstract Cauchy problem, for any regular system (1). We first prove Theorem 2. Let (1) be regular, and let <r><r(q) for all qG<2-Then a Borel function C(q) exists, such that (12) holds for all q^Q. holds for all qGQ.
Combining Theorems 1 and 2, we get the following solution to an abstract Cauchy problem corresponding to (1) in a Fourier transform space.
Let (1) be regular. Then there exists a Borel function C(q), such that the associated Banach space B(N) in <$ admits a Cosemigroup, whose semi-orbits satisfy (3*), with \\Tt\\if^e''t for t^O.
6. Differentiable functions. We now show that, for <J>o(q) vanishing fast enough at infinity, the semi-orbits of 7\[$0] for t^O define, through (4), solutions of (1) Proof. By (13), the right side of (14), whose integrand is a Borel function3 and so measurable, is Lebesgue integrable to a continuous function. The rest of the proof is an obvious extension of standard results [2, p. 8].
The following sharper result is less easy.
Theorem 3. For all r, \t-t\ <e, let /(g; t) satisfy (3*), and also
where f Miq)dQ < + °o.
Then (1) is satisfied by the Fourier transform (15) u(x; t) = J fiq;t)eii^dQ.
Proof. By Lemma 4, the right side of (1) is defined as a continuous function in space, throughout \r-1\ <e. Therefore, if |A/| <e, the difference quotient Au/At is defined. Hence, if (1) failed, we could find an x and a sequence of Atm-»0, such that iAu/At)m = [u(x; t + Atm) -u(x; t)]/Atm failed to converge to P[uix; t)], as defined by (1) . We shall now show that this is impossible, which will complete the proof. Indeed, for each x -77 = ^7 (eiq'xlf(v> * + A^) -'(9; t)]dQ It will follow that, on any interval 11-t\ <e of any semi-orbit in B(NW), the hypotheses of Theorem 3 will be satisfied, with M(q)
= supr e"TNw(q; <J>(g)). This proves Theorem 4. For suitable B(N), every semi-orbit in the corollary of Theorem 2 represents an actual solution of (1).
We now define the system (1) to be hyperbolic if and only if P and -P are both regular (see [l, §9] for a discussion of alternative definitions). Since the substitution of -P for P leaves the modified Jordan canonical form of §4 unchanged except for sign, (10) holds with the substitution of \t\ for t. This proves the Corollary.
If (1) is hyperbolic, then the Co-semigroups of Theorem 4 and Corollary of Theorem 2 are parts of Co-groups, with moduli \\t\\ <gg»l*l, Bibliography
